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This note proves that a two counter machine cannot calculate 2 . 

An ][ cot-anter rachine h as N counters, each of which contains a 
rtonnegative integer* There is also a program, vith four kinds 
cf instructions: 

Type 1s Add 1 to a specified counter* Written C+. 

Type 2: Examine a specified counter. If it contains 0, don't 

change it, but jump to an instruction out of the normal- 
sequence. Otherwise, subtract 1 from the counter and 
continue in the normal program sequence* Written C-, 
with an arrow at the right indicating where to go in the 
zero case* This arrow is called a zero branch arrow * 

Type 3: (Unconditional) jump* Written with an arrow. 

Type? 4: Halt. 

Counter machines are also known as register machines or program 
machines. I use "counter" and "register" Interchangeably, but 
usually a counter ie incremented or decremented, while a register 
is subject to more exotic transformations, such as doublings 

Example: A three counter machine (3CM) computes 3X+2Y* At Start, 
X is in counter A, Y is in counter B, and counter C is zero. At 
Halt, the answer is in C* (In the diagrams, the normal direction 
of program flow is down the page.) 

Start ► A fcl ►Halt 

/c+ /c+ 

This can be bummed to; 

Start * A ► D ►Halt 




(a,b) is the greatest common divisor of a and b. 

d|n means d is a divisor of n* 

p usually denotes a prime number* 

x<=y means x is less than or equal to y. 

[x]* is the greatest integer <=x. 

sqrt(x) is the square root of x* 

log2 x is the logarithm of x to the base 2* 

Fib (II) is the Nth Fibonacci number. #«# % j 

F{S), where P is a function and S a set, is {F(e) J e in Sj 

1 



Ixairiple: Multiply (the contents of) counter A by (the eon tents 
of) counter B; the answer is in C* C and D are zero at Start* 



Start 




Hard problem; Multiply two numbers usin# only three counters* 
Easier problem: Square a number using three counters. 
The solutions are at the end of the memo* 

Theorems A three counter machine can simulate a Turing machine* 

Proof (abridged); The counter machine has counters A, I* and C* 
The Turing machine alphabet is two characters, and 1* There 
are only a finite number of 1s on the tape* 

The tape Is split into three pieces: Tape to the left of the 
read head, tape to the right of the read head, and the tape sauare 
under the read head* The left half of the tape is interpreted as 
a binary number t which eoes into counter A, Counter B represents 
the ri^nt half of the tape, interpreted as a binary number in 
reverse* Thus, if the tape contained 

* * * 0000001 101 1 01 101 00000O0. . * 

counter A would contain 13, and counter R 
would contain 22. The 1 under the read head would be reflected 
in what part of its program the counter machine was executing* 

Each TW operation is simulated by an open subroutine in the 3CM* 
Suppose our TM is to print a 1 and move the read head one square 
to the right: 

To simulate writing a 1 on the left half of the tape, the 3CM 
doubles the contents of A and adds 1- Counter C is used as a 
temporary in this operation* 
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A ►(> 

C+ & 



To simulate moving the read head right* reading one square of 
tape, counter B is divided by two and the remainder tells what 
character was on the tape* Again, C is used as a temporary. 

• • tape square = 
*. tape square = 1 

Each (state, character under read head) pair of the Turing 
machine corresponds to about 10 counter machine instructions 
(ignoring jumps)* The proof can be modified to allow a larger 
alphabet by changing the radix of the simulation. QED 




If the Turing taachine has an argument, the usual convention is 
to use fl unary" notation* The argument is written as a string of 
1s en the tape immediately to the left of the read head. The 
argument convention for CMs is to put the argument in one of the 
counters* When a CM computes a function PQ0> it starts with K 
in s specified counter, witti the other counters zero. If F(U) is 
defined, the CM halts with P(N) in a particular counter. If J?(K) 
is not defined, the CM does not halt* 

Theorer: A 3CM can compute any partial recursive function of one 
variable* It starts with the argument in a counter, and (if it 
halts) leaves the answer in a counter* 

Proof : There is some Turing machine which computes the given 
function* Construct a 3CB to simulate that TM. An argument of N 
is given to the TM as a string of N 1s immediately to the left 
of the read head. The simulating 3CW will expect counter A to 

N 
contain a binary number consisting of JT consecutive 1s; i*e* f 2 -1 
But our theorem requires that the 3CH start with I.. So we attach 
an input converter at the beginning of the simulator* The 

N 
converter changes N into 2-1. If the TH halts, its answer will 
"be a string of F(N) consecutive 1s immediately to the left of the 
read heed* So we attach an output converter to the simulator* 

F(H) 
which converts 2 -1 to F(N). 
The final machine: 




3CM simulator 
for TR that 
coaputes F 




*Jlalt 



ll to machine starts with U in counter C f and A and B zero, 
halts, F(K) is in counter C* 



If it 



Theorem: Any counter machine can be simulated by a 2CM, provided 
an obscure coding is accepted for the input and output* 



Proof: 
simulate 



Suppose 
a 



the 2CM has counters A and B, and that we want to 
?CM with counters named W* X, Y, and Z, The contents 

W X Y 2 

of all four counters are coded into one 

number is kept in counter A. Counter B 

Each 4CK instruction is simulated by an 

To simulate X+, the number in counter 



nunfcer, 2 3 5 7* This 
is used as a temporary • 
open subroutine in the 2CH* 

A is multiplied by 3. 
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To simulate X—, the number in A is divided by 3* the quotient 
going into B* If the division is exact, B is moved to A, If the 
division is not exact, the original number in A is restored, and 
the simulated zero branch of the X- instruction is taken. 

^**r( division is exact) < *E *■ normal branch 

( b+ r*-A+ 

v *— ^ \B fc-zero branch 

QED 

Note for future use: We need only three counters to simulate a 
Turing machine* If we are simulating a 3CK that computes a 

i;oo • u 

function 1(H) 9 the 2CH input would te 2 3 5 , or 2 . The 2CM 

F(M) 
output would be 2 * A peculiarity of this simulation scheme 

H 
is that if the 2CM is started with 2 K, where (K,30)=1. it will 

F(N) 
halt with 2 K, 

Corollary: The Halting Problem for 2CMs is unsolvable* 

Corollary: A 2CM can compute any partial recursive function of 

H 

one argument, provided the input is coded aii 2 and the output 

answer 
(if the machine halts) is coded as 2 

r \'nlr ^croll^ry provides the rationale fr:r the Input Problem vm:, 
the Output Problem * 

The In; :ii: Probleic: Find a 20M thnt computer: 2 v/ficn started with 

N in one counter • 

The Output Problem: Find a 2CM that computes M when started with 

2 in one counter. 

The goal of these two problems is to isake a 2CH without the 

coding restrictions in the corollary* This would be done by 
putting a TM simulator in between an input converter and an 
output converter. This meiao proves that the Input Problem is 
impossible. The Output Problem seems to involve some difficult 
number theory questions* 
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Before proceeding with the impossibility proof, we should 
mention another way around the coding difficulties. Another 
convention souse times used for arguments is to have a special 
instruction which reads one character of the argument, and 
"branches one of two ways* (This assumes a two character iircut 
alphabet-) If our 2CM gets its input this way, and writes its 
answer with similar "write one character of output" instructions, 
then the coding problems go away. 

Jtext, we introduce the idea of an ftPlEM, The best way to think 
about 2CMs is to think about MPIflHs instead. 

The Eeplaceinent Leitnr.a* Any two counter machine started with zero 
in one counter can be sinulated by a more powerful one registe r 
machine (tfPIRK). The register is denoTecC qy"k» antTcon tains a 
nonnegative integer, also denoted by R* The MP1RK has a better 
instruction set than a CM* The instructions available are: 

Add K Adds a constant K to the register* 

Hal K Multiplies the register by K. 

Subl If E=0, jump out of the normal instruction sequence* 

If E>0, subtract one from R. (This is the sajse as the 

counter machine instruction R-*) 
Div K Divide R by K>0, the quotient gpin^ into R. Jump to one 

of K different places, depending on the remainder. A 

divide instruction has K arrows coming cut of it* 
Jump Jump to someplace else in the program. 
Halt Halt j the answer is in R* 

K denotes a nonnegative integer; K may be different in different 
instructions? the program may not alter any K* 

We introduce the notation Jump* for the infinite loop Jiunp^. 

Proof of the Replacement Lemmas 

Before reading the proof, it is well to have the main point in 
mind* Besides adding or subtracting constants from the counters, 
a 2CH can carry out only one useful kind of computation step: 

Multiply the contents of one counter by some rational number F/Q, 
putting the result in the other counter. (The first counter is 
cleared.) Jump to one of Q different places, depending on the 
remainder mod Q. 

This computation step is accomplished by a strong loop. The 
first pert of the proof changes the 2CM into a form that makes 
the proof of this stateir>ent easy. 
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Assume the counters 



First we define the phrase strong loop - Suppose that we take 
s diagram of the 2CM program * and Temporarily erase all zero 



Let's look at the 2CM we have to simulate* 
are A and B* and that B is zero at Start. 

F 
the 

branch arrows* Any loops remaining are called strong loops* A 
strong loop will be some sequence of A+, A-, B+ t B-, and Jump 
instructions* Note that strong loops cannot have subloops* for 
the inside loop would have to exit with a zero branch arrow* 
which would be part of the strong loop* 

(Jjow restore the erased arrows.} 



* *.*n 




In the diagram, there are three strong loops* 

An instruction in a strong loop is called an entry point if it 
can be reached (in one instruction) from Start, of from sorae 
instruction outside the loop, or even from a zero branch of a l, - M 
instruction within the loop. In the diagram above, Loops 1 and 5 
have one entry point, and Loop 2 has two. 

We want to alter the 2CM so that all strong loops have only one 
entry point* Fcr each strong loop with nacre than one entry 
point, make as many copies of the loop as there are excess entry 
points* Each copy, and the original, has a different entry point 
designated as its single entry point * Improper entries into the 
original loop are disconnected and routed to the appropriate 
copy. Exits from the copies are routed together with the 
corresponding exits in the original loop. This transformation 
will cause a lot of exit arrows to be copied, but will not create 
any new strong loops (except the copies) , or any new entry points 
to any strong loop. The modified program will be somewhat larger 
than the original, but will have the same computational behavior. 




• **n 



A regular loop is a single entry strong loop in which all n -" 
instructions cone immediately after the entry point, and precede 
all "+" instructions. The point after the -s and before the +s 
is called the midpoint of the loop- A single entry strong loop 
can be made regular t>y some finite sequence of instruction 
exchanges of Types 1 and 2. 



Type 1: 
Type 2j 
Type 3: 
Type 4: 

Type 5t 
Type 6: 



X+ 
X— 

x+ 
y- 

x+ 

Y+ 



X- 

x+ 

X- 

Y+ 



■*... 



delete 



Y+ 
X- 



-*>:+ 



x+ 

Y+ 

X+ 




, l! 



no replacement 



-+Y- 



■ ( impossible) 



Types 3-6 are included for completeness. Note that types 2, 4, 
and 6 are invalid if X and Y are the same counter. The exchanges 
are also invalid if the second instruction of the pair is an 
entry point. Since we have made our loops have only one entry 
point, the necessary exchanges can be carried out without 
crossing the entry point. 



Loop 2A 



Loop 3 




-*v . , T 



Suppose all strong loops are regularized. The prograr. may be a 
little longer, but no new entry points are created, nor any new 

strong loops. 



The number of instructions in the expanded 2CM is denoted by I* 

Next, we introduce an intermediate asachine: The EHP1.5RM (Even 
More Powerful 1*5 Register Machine). We will prove tttat a 2CM 
can be simulated by an EMP1.5BM* and that an EMP1.5RM can be 
simulated by an MP1RM. 

An EMF1*5nM is an MP1RM with a certain amount of additional 
memory* It has a flag F indicating whether R is representing 
counter A or counter B at the moaent* It also has another 
register called OR (for Other Register) which is capable of 
holding any integer from to I+l« OR will represent whichever 
counter is not repesented by R. We also include the additional 
instructions 0R+, OR-, Add OR to R, Set OR to zero, Test F, and 
Cotopleaent F. 

OR-*- is illegal if OR contains 1+1. At various places in the 
proof it is necessary to verify that OR<=I. To help accomplish 
this, we will specify that whenever the EMP1.5RK simulates the 
2CM taking a zero breuich arrow, the condition 0R=0 is satisfied. 
Taking a zero branch arrow implies at least one counter is zero; 
if OR is representing this counter, fine* If not* we exchange OR 
and R (and complement F). 

Now the simulation: At Start, R represents A, OR represents B 
(which contains zero), and F reflects R:A. 2CM instructions 
outside of strong loops are translated to equivalent EMFU5RM 

routines: 

Jump represents Jump, and Halt, Halt. 



A+ 



Test 




Add 1 



0R+- 



-+■ . 



Sub1 



.n 



-*Test F 




Add OR to 
Zero OR 
Comp F 

■ * - z 



Similarly for D+ and B-. (This translation introduces a Test F 
instruction for every 2CM instruction* We could reiaove most of 
the Test F instructions by rearranging the flow of control 
slightly,) 



y 

We have blithely translated A+ to a routine containing 0R+. To 
make this step valid, we must verify that GR<=I* In fact, we 
assert that OR<=I at all tinea: 
First, GR=*0 in three cases: 

1) At Start j 

21 Whenever a zero branch arrow is simulated; 

3) When simulating an exit from a strong loop* (When v/e specify 
the simulation of a strong loop, this condition will be net. j 

At any place in the program outside of a strong loop, no more 
than I 2CM instructions have been executed since one of these 
events occurred, (For* if 1+1 instructions had been executed, 
aone instruction would have been executed twice- But the path 
taken between the two executions of the repeated instruction 
could not contain a zero branch arrow j so the path would be a 
strong loop* But we are outside of a strong loop.) Since at 
nost I 2CM instructions have been executed since OR was 0, it 
could have increased to at most I, 

To simulate a regular loop: Determine the six constants Aplus, 
Bplus, Aminos, Eminus, dA, and dB. Aplus is the number of A+ 
instructions in the loop; Aminus is the number cf A- instructions; 
and dA is the net change in A in one cycle of the loop. 
dA = Aplus — Aminus. Similarly for Bplus, Bninus, and dB. 
At the entry point of the loop: 

QR<=I by the argument above* 

The program will exit instead of completing the next cycle if 

and only if A<Aminus or B<Bminus. 



i) 



For the first section of the loop, from the entry point to the 
midpoint, we use the substitution given above fcr "-" 
instructions* If the program exits from the loop in this 
section, it will satisfy the 0fc=0 condition, since the "-* 
routine does. F will not be changed unless the loop exits, so ve 
can remove all but one of the Test F instructions if we desire. 

Suppose that the program reaches the midpoint of the loop. We 
do a Test F; each branch from the test transfers to a copy of the 
appropriate routine listed below. We will describe the R:A and 
GEsB branch. 

Since F has not changed since the loop was entered, QRsB at the 
entry point. Therefore, when the loop was entered, B<=I. 

There are three cases: 

Case 1 : dA >^ and dB >- 0. Then the 2CM program will loop 
indefinitely. Replace code here with Jump*. 

Case 2: d£ < 0. We may just copy the rest of the loop, 
translating A+ to Add 1 and B+ to QR+- When the program gets 
back to the loop's entry point, B will be less than it was when 
the loop was entered* (Specifically, B at return to entry point 
st B at original entry point + dE*) But B has been increasing 
since the midpoint, so it is <=I everywhere in the loop. Thus, 
0R<=I everywhere in the simulated loop. When the loop finally 
exits, it will take a zero branch arrow, and satisfy the 0R=G 
condition. Note that we cannot say without more calculation 
whether the exit will be via an A— or a R-_ 



Case 3i dA < and dB >= 0. If the program reaches the midpoint 
the first time around the loop, it will never exit via a B-, 
since B will not decrease on successive cycles of the loop. 

Suppose A^Araid and B=Bmid at the midpoint. One cycle of the 
loop adds dA to A and dB to B. After K cycles, counting frora 
midpoint to widpoint, 

A = Araid + K dA = Amid - K {-dA), and B = Bmid + K dB* 

(Since dA<0. -dA will be positive*) The 2CM program will return 

to the midpoint exactly I*=f Aiuid/(-dA)J times as long as A>=0 

at the midpoint* The routine below simulates L cycles of the 
loop, from midpoint to midpoint* We close off the loop by 
simulating the 2CM going through the +s for the last time, and 
then juKp to the entry point. 



Div (-dA) 



Remainder^ 



(A copy of this 
routine appears 
at the end of 
every divide 
arrow* ) 




(now K contains 1] 



MA)-1 



Kill dB 

Add OR to H 

Comp F 

Set OR to Zero 

Set OR to Rem 

Add Bplus (to R) 



Add Aplus to OR 



(R contains Bmid+LdB) 



'many OR+s) 

GR=Rem=Ajn id-*L( -d A) =Aaid+ Ld A) 
J These instructions simulate 
the 2CM going through the +s 
for the last time*) 
(niore OR+s) 



Jump to the top of the loop 

The loop will exit before returning to the midpoint again. We 
must verify that OR<=I when we jutap to the top of the loop: 

OR = Aplus-fRea < Aplus+(-dA) = Aplus^(Aplus-Aminus) = Aninus <= I 

This also confirms that the loop will exit before reaching the 
midpoint again* The exit will he via an JW. and the QR=Q 
condition will be satisfied. 

We have taken care of both regular loops, and instructions 
outside of regular loops. EHP1.5RM simulates the regularized 2CH- 

But we can convert the EMP1.5RM to an HP1RM- For each state of 
the EMF1.5RM, we create 2(1+2) MFlflK states j one state for each 
combination of values of F and OR* The instructions 0R+, OR-, 
Zero OR, Test F, and Comp F become Jumps between different MP1Rh 
states. Add OR to R becomes an Add K* QED 



Addendum to the Replacement Lemma: The Ks in the MP1RM need 
never be greater than the number of instructions in the original 
2CM program. 



Proof: Add K can always be broken up into a group of Add 1s* 
For Hul K and Div K, we note that the construction siven above 
for regularizing strong loops never makes a strong loop longer 
than it was in the original 2CM. The Ks in the Mul and Div 
instructions are never greater than the length of the regular 
loop they simulate, which is in turn bounded by the size of the 
2CH being simulated, QED 

Theorem: An HPlfiM can be simulated try a 2CM, 

Corollary : F(N) is compuatable hy a 2CM if and only if it is 
compu table by an MPIRNi 

Notice that if the program of an HP1HK ever taJfes the zero branch 
of fl Sub1 instruction, the total state of the machine is known. 
We know that R is 0, and we know which instruction the MP1EM is 
about to execute* We could replace the code following the 
zero branch with code setting R to the final answer and halting* 
(Or going into an infinite loop, if that is what the cede in the 
original machine would do.) The code would be "Add K, Halt" or 
"Jump*"* A similar argument shows that we can replace code 
following a Hul ins true t ion • 

A Sub1 zero branch or a Mul instruction is called evaluated 
if it is immediately followed by either "Add K, Halt" or "Jump*". 
(We may change Mul 0, Jump* to Jump*.} Evaluation of a Sub1 zero 
branch often allows us to ignore the branching cf a Sub1 
instruction, and to consider only the main line of code* 

N 

Theorem; There is no two counter machine that calculates 2 * 

N 

Proof sketch: Assume that we have a 2GM which computes 2 from IU 
We convert it to an equivalent MP1EH. and evaluate Sub1 zero 
branches* (Most of these branches will probably have powers of 
two as their answers.) 

Since there are infinitely many powers of two, and only 
finitely many Subl instructions* we can find soae N such that 

N 
when the HFlfiM is started with fl, it halts with 2 , but the Halt 
instruction is not at the end of a Sub1 zero branch. 

Examine the path taken through the program* This path will 
always take the nonzero branch of any Sub1 instruction that it 
goes through. 

We make a note of all the divide instructions the path goes 
through • Multiply together all the divisors * counting a divisor 
several tines if the path goes through the instruction several 
times- Call the product D» D is not zero, since no divisor is 
zero* How look at the multiply instructions in the path; 
multiply together the multipliers, counting repeated multipliers 
as with divides; call the product H. 

iiow we claim: Start the KP1RK with N + 3D, j>=0«, Then the 
i-'FlBM will follow the same path as it did when started with N, 

N 
and will set as answer 2 + jM. (The proof of this claim is 
spelled out in the next theorem-) x 

But this is impossible* for the function 2 grows more rapidly 
thar any arithmetic progression- Hence the proposed 2CM cannot 
exist* QKB 
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Arithmetic Progression Theorem: Suppose a 2CM computes some 
function F(N)* (F isay 136 partial.) Then the range of F contains 
a finite subset S f such that for any N for which F(K) is defined 
and outside of S t there exist D>0 and M>0 such that 

F(N+JD) = F(H) + jK for aU j>=0. 

Moreover, D and M have no prime factors greater than I, the 
nuraber of instructions in the 2CM. 

The theorem is vacuous unless F has infinite ran^e. 

Proof; Replace the 2CH by sn equivalent KP1RM* Evaluate Suh1 
zero branches and Hul instructions. Take £ to be the set of 
values at the end of Sub1 zero branches or Hul instructions* 

Consider an H for which F(W) is defined and not in 5. Start 
the HP1RM with N* It will halt after some tiae t with R=F(IJ), 
We must supply an M and D such that F(H+iD) = F(N)+jM. 

Look at the path taken by the computation. Suppose the nth 
instruction in the path is denoted by I(n) or by In; 1<^n<=tj 
I(t) is Halt, 

Define Mn, the nth multiplier, by* 

If In = Mul K, then Hn=K. Otherwise, Hn=1. 
Similarly, the nth divisor, Dn, is defined by: 

If In = Div K, then Dn=K+ Otherwise, Ite=1. 

Rn is the contents of R after executing In* HO is the starting 
value of R. 

Put K = Ml M2 W3 „, Mt and D s D1 D2 B3 ... Dt, 

M>0 t since all the Mi must be >0. If some Mi were 0, the HF1AK 
would halt immediately, with R containing an element of S. But 
P(N) is not in S. D>0 f since all Di>0. Each Mi and Di is <=I, 
so K and D have no prime factors >I. Now we claim: 

If the MP1EH is started with M4JD, it follows the 
same path as with N, and it Halts with R = F(N)+^H. 

Let tfn be the value of fin when the machine is started with N* 
Then N0=rN and Nt=F(I(). The proof of the claim is by induction, 
alone the common path of the computations of F(M) and F(N+jl^ ? off 
the formula 

fin = Ita + j H1 M2 ... Mn D(n+1 ) .„ Dt. (EQ1) 

First, RO = NO + jD, by hypothesis. How suppose that we have 
verified that EQ1 is true for n-1 f and that both computations 
have followed the saiae path so far. We consider all possible 
cases of what the next instruction, In, Hieht bet 
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If In is Add Kt Nn = N(n-1) + K, and Mn = Dn = 1. 
Rn = R(n-1 ) + K 

= N(n-1) + $ M1 ... M(n-1) Dn D(n+1) ... Dt + K 
= Nn + j Ml ... M(n-1) Mn D(n+1) ... Dt 

If In is Sub1: N(n-1) > O, since the computation of F(U) always 
takes the nonzero branch of Subl instructions, Mn = U(n-1) - 1. 
All Mi and Di are >0? j>=Q; so R(n-1) >= H(n-1j > 0; hence the R 
computation will take the nonzero branch also. Rn = R(n-1) — 1. 

If In is Mul K: J(n = ]f(n~1) * K Mn = If, Dn = 1 

Rn = R(n-1) * K 

= {W(n-1) + j M1 ... M(n-1) Dn ... Dt} » K 
= Nn + J M1 ... M(n-1) K 1 D(n+1) ... Dt 
= Nn + j M1 ... M(n-1) Mn D(n+1) ... Dt 

If In is Div K: Dn = K, Mn = 1 

Nn = [N(n-1)/K] and the remainder is N(n<-1) - K Nn. 
Rn ■ [R(n-1)/K] and the remainder is R(n-1) - K fin, 
Rn = [ {N(n-1) + j M1 ... H{n-1) Dn ... Dt} / K ] 

= [N(n-1)/K] + j M1 ... M<n~1) D(n+1) ... Dt 

= Nn + j Ml ... M(n-1) Mn D(n+1) ... Dt 

R(n-1) - K Rn = H(n-l) + j M1 ... M(n-1) Dn ... Dt 

- K (Nn + j m ... Mn D(n+1) ... Dt) 

= »{n-1J - K Nn 

The remainders are the same in both computations, so they will 

take the same branch out of the divide instruction. 

If In is Jump or Halt, Mn=Dn=1, so EQ1 remains true. 

We have proved, that all types of instruction preserve BQ1, and 
that when instructions which branch are executed, both 
computations will take the same branch. So at time t, both 
computations will halt* Rt = Nt + j M1 ... Mt = F(H)+jM, as 
required. QED 
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Arithmetic Series Condition: Let F(N) "be a (perhaps partial) 
function. let Sp f where p is priae, be the set of all U 
satisfying the following two conditions: 



$ 



If is a nonnegative integer* and P(M) is defined. 
Tor all D>0 with no prince factors >p, if F(N+jD) 
is defined for all j>=Oi then it is a nonlinear 
function of the j>=0* 



Let Sp* be the set of all H satisfying (1) and (2'): 

(2") For all D>0 with no prime factor >p f F(]J+jD) t 

for those values of ^>=0 at which it is defined, 
is a nonlinear function of j# 

(So Sp' is a subset of Sp. Also, if a is a prime >p f then Sp 
contains Sq, and Sp' contains Sq'.) suppose that for all p, 
F(Sp) is an infinite set* Then F is not computable by a 2CM. 
Furthermore* if f for all p, F{Sp*) is an infinite set, then no 
extension of F is 2CM computable* 

This theorem is essentially a contrapositive of the Aritluaetic 
Progression Theorem. 

Proof: Suppose that F(Sp) is infinite for all p, and that some 
2CM computes F. Then by the AP Theorem, there is a finite set 5 
such that if F(N) is not in S, there are D>0 and MX) such that 
F(N+jD)=F(H)+jM. Choose a prime p which is greater than the 
number of instructions in the 2CM. Choose an N in Sp such that 
F(H) is not in S. Find D and H. Then FfN+^D)=F(H)+3M t and D has 
no prime factor >p. This contradicts (2). 

^uppo^e now that F(Sp') is infinite for ail p, and that ^omc 
2CM computes G, an extension of F. Find S such that G(H) defined 
and outside S implies the existence of E and M. Choose an K in 
Sp* such that F(N) is not in S* Since G is an extension of F, 
G(N)=F(N). So G(N) is not in S. So there exist M>0 and DX3 ? 
D having no prime factor >p f such that C(N+jD)=G(W)+jMt for all 
j>=G. Hence any restriction of G, in particular t F, will satisfy 
the equation if it is defined for N+jJ). But this contradicts (2') 
QKL 

Wo define the arithn^tic series with zercth element A>=G and 
common difference B>0 to De the set {A+jD, where j>^0}* 
Arithmetic series with A<0 or JK=0 are disqualified; the series 
starting with A does not include any elements preceding A, such 
as A-D. The series starting with A is distinct from the series 
starting with A+D; the former has an extra element. 

We now give several "working* corollaries to the ASC. 
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Corollary: Suppose a 2CH computes 3?(lf}» There is some 
threshold T, such that the set {H I F(N)>T} is the disjoint 

union of a (possibly empty or infinite) collection of arithmetic 
series. The common differences of these series have bounded 
prime factors. F maps each of the series into another arithmetic 
series. The cooion differences of the Image series also have 
hounded prime factors. The ran^e of F is the union of a finite 
set and a (possibly empty or infinite) collection of arithmetic 
series. 

In particular* if F(N) is unbounded as IT approaches infinity, 
both the domain and the range of F roust contain an arithmetic 
series. 

I-Iotes The corollary appears to distinguish between the doiaain 
and the range in saying that the domain is a disjoint union, and 
the range merely a union. This distinction is not real, however, 
since if a set is the union of a collection of arithmetic series, 
it is the disjoint union of some other collection of arithmetic 
series . 

Theorem: The functions Exactsqrt and £xactlog2 defined below are 
not 2CM computable: 

Exactsqrt (N) = sqrt(ll) if H is a perfect square; 
undefined otherwise* 

Exactl0£2(N) = log2 N if K is a power of 2; 

undefined otherwise. 

Proof j Both functions are unbounded, but their domains do not 
contain arithmetic sequences. QED 

In the following theorems, the phrase F(II) has nonlinear growth 
rate means that F(N) is defined infinitely often, and tnat I'UU/H 
approaches either or infinity as H approaches infinity- If 
F(IJ) has nonlinear growth rate* and F(A+jD) is defined for 
infinitely many j>=0, then F(A+jD), where it is defined, is a 
nonlinear function of j. 

Theorem: If F(W) is total* fconotonic, and unbounded* and has 
nonlinear growth rate, F is not 2CM computable . 

2 N 

Corollary; No 2CM can compute the functions II , 2 , [log2 If], 
[sqrtOO], Fib(B), etc* 

The corollary doesn't solve the Output Problem, because the function 
[log2 Hj is stronger than we need- The Output Problem only requires 

H 
that a 2CH map 2 into Nj i.e., that exact powers of 2 come out 
correctly. Nothing is said about the 2CM*s behavior when started on 
non-powers of 2. In fact, we know that any 2CM that solves the 
Output Problem will compute a function whose domain contains an 
arithmetic series. 
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Theorem; If F(IJ) is unbounded and Bonotonic, but perhaps 
partial, with a nonlinear growth rate; and for infinitely many If, 
(F(I3) is defined, and for all D>0, there is a j>0 such that 
F(H+jD) is defined }, then F and its extensions are not 2CM 
computable • 

Proof: The condition (for all D>G, there is a j>0 such that 
F(IJ+.jD) is defined) implies (fcr all D>0, there are infinitely 
many* j>0 such that F(N+jD) is defined)* If, for particular N 
and Di J were the last j f we could consider a new E: 2JD # . 
F(n+j2JD*) is defined for some 1>G; but then 2 j J is a new j for D*. 

Hence, for the N in the theorem* for all D>0^ F(IfHD) is a 
nonlinear function of J, But now the ASC applies* QED 

Another way to state this theorem: Suppose J?(B) is unbounded, 
monotonic, perhaps partial, and has nonlinear growth rate. N is 
disqualified by D if the domain of F contains only finitely many 
nuabers =TT "(moa V)* If F{«) is defined, and H is not 
disqualified by any D* N is qualified . Suppose that some 
(necessarily infinite) subset of the domain of F is qualified. 
Then F is not 2CM computable. 

Theorem: No 2CM can compute sqrt(N) even if H is guaranteed to 
be a square* 

Proof; Choose H to be a square, say z . Then for any B>0, there 
are infinitely irany j such that H+jD is a square. Take j = 

2 
2zh+Dh , where h is any nonnegative integer. QED 

This theorem asserts more than the theorem about Exactsqrt* It 
asserts that no extension of Exactsqrt is 2CM computable. We 
would like to prove a corresponding theorem about Exactlog2; this 
would solve the Output Problem* 

Theorem: No 2CH can compute the inverse function of Fib(K), even 
if the Input is guaranteed to be a Fibonacci number* 

Proof: We show that for any N and any B>0, there is a j>0 such 
that Fib(N) + jD is a Fibonacci number. We prove that there is a 

2 

Q such that < Q <^ D and Fib(N) = FibflW) (cod I;). 

Consider ordered pairs (Fib(Ij,Fib(I+1 J) (mod D). There are at 
2 2 

most D such pairs? so for some J and K, 0<=J<K<=D, 
Fib(j)=Fib{K) (mod Dj and Fib(J+1)=Fib(K+1) (nod D), But this 
implies Fib(J+X)=Fib?K+X) (mod D) for all positive and negative 
X; we may take X=H-J; then Q=K-J* QED 

The technique of the last two theorems fails on the Output 
Problem: It is not true that for all N and D f there is an E>N 

fl E H+1 

such that 2=2 (mod D). Trouble arises if 2 |D. 
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Theorem* If F(M) is monotonia, unbounded f and 2CM computable , 
then ¥ (II) /H* where it is defined* approaches a positive rational 
number F/Q as a limit* Moreover, QrtN)— HI is bounded whenever it 
is defined* 

Conjecture: If F(H) is ifconctonic, unbounded, and 2CM computable, 
then there exist P and Q>0 such that (for large u) QF{N}-PN 
depends only on W (mod Q) j F may be undefined at some residues 
rcod Q* 

J 
Disproof: F(H) = H-1 if 3+N and N = (2K+1)< , J and K integers; 

N otherwise* 

Conjecture: If F(IJ) is 2CH computable and there exist real 
numbers X and Y such that for lar§e N. X > F(H)/H > I > 0- 
whenever F\lf J is defined, then F xs computable by an MFlRM 
without loops (except for Jump*), aid with only one divide 
instruction. 

Disproof* F(N) = N if 3IK or 5lM; 

[J/lofl2 3] J 

3 (2K+1) if II = 2 (2K+1). 

This function says, "Suppose that powers of 3 and b happen to 

J 
be free for doing a computation. Suppose that 2 is the largest 

J 
power of 2 that divides N. Then convert 2 to the largest power 

J 
of 3 <= 2 - w Since powers of 3 and 5 are available to simulate 
counters* we can carry out the computation necessary to determine 
the correct power of 3* 

Below is an example of a 2CM computable total function F for 
which F(M)/N has arbitrarily large and small values: 

F(N) = G if M=0a 

H if (N f 6)=1; 

F(5N/2) if 2 |N; 

F(N/3) if 3»H. 

This function converts each 2 in the factorization of II to a 5* 

2 

and removes all 3s* F(K)>H infinitely often, and F(W)=1 
infinitely often* 

More generally, suppose G is any partial recursive function- 
We can define a 2CM computable function H: 

H(N) = undefined if 3lN or 5|N; 
0(A) A 

2 if N = 2 K and K is odd. 

Such an II can grow as rapidly as any partial recursive function* 



1H 

The following theorem is the reason for carrying along the 
condition about prime factors in the AP Theorem and subsequent 
theorems* 

Theorem: The function SPF(?0* the snallest prime factor of N, is 
not 2CM computable. 

Proof: One proof is to note that the range of SPF does not 
contain an arithmetic sequence* 

Here is an alternate proof: Refer to the ASC for the 
definition of Sp* We show that Sp contains all primes >p* 
Suppose q is a prime >i_:- Then 5PF(q4-^jD) is a nonlinear function 
of j. For (q*Dj=1 t since D has no prime divisors >p. So the 
sequence q+:E contains infinitely many primer* ; at these points, 
SEF(q+<D)=q+jD. On the other hand, whenever qlj, SPF(q+;}D)<=q. 
So SEF(q+jD) is not a monotonia function of j, and consequently 
not linear* QED 

For a proof of Dirichlet's TheoreE (if (A,D)=1, the arithmetic 
series starting with A and having common difference D contains an 
infinity of prates) see Davenport, Multiplicative Number Theory, 

Consider the sets Sinf = fl Sp and Sinf* = M Sp** In all 

p=2 p=2 

of our examples except SPF, Sinf or Sinf" has been an infinite 
set. In the case of SPF f Sinf is empty, hut each Sp is infinite. 
Fortunately this weaker condition is enough to show that SPF is 
not 2CM computable. 



Suppose F is a (perhaps partial) function* FI(W) is called a 
uasi-inverse of F if. for all N in the range .of F, FI(N) is 
efined and F(FI(N) )=-N- 

It seems curious that the following statement has only the 
status of a conjecture, but I do not know of a proof. 
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Conjecture: There is sone 2CM computable function F with no 2GM 

computable quasi-inverse. 

We digress a moment to mention a candidate for the simplest 
unsolvable problera; the 3H+1 Problem* Suppose we define a 
function F on the integers: 

F(H) = N/2 if H is even? 
5N+1 if H is odd. 

Consider the sequence N, F(li) > P(P(W», F(F(F(li)))* *.. . 
numerical evidence, and a probability argument, suggest that for 
all N f the sequence is eventually bounded* 
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There are five known loops? 
1, 4, 2, 1 



A 
B 
C 

D 
£ 



0, 

-1 f -2, -1 

-5, -14, -7t -20, -10, -5 

-17, -50, -25, -74, -37, -110, -55, -164, -82, -41, 

-122, -61, -182, -91, -272, -1^6, -68, -34, -17 



All 1D0 seem to lead to loop Aj and all N<0 seera to lead to C, 
D, or E* Although extensive numerical data has been gathered, 
virtually nothing has been proved about the problem* Open 
questions includes Are there any more loops? Bo all numbers get 
into a loop? Bo any numbers go to infinity? What percentage of 
integers fall into each loop? Do the percentages exist? It has 
not even been shown that some set of positive density falls into 
one of the known loops* 

floger Banks wrote a computer program that verified that all 
numters between -100,000, OCX) and 60,000,000 decay into one of 
these loops. 

The 5^+1 Problem is an interesting example of what a simple 
MP1KM can compute* The basic program is simple? 

Start 

^ — - * Div 2 ** 

/ Rem=0 / 

We can put in a check for 1 if we want to know whether IJ has 

converged' to the 1 loop* 

There is an isomorphism between the 2TH-1 Problem and the 3H-1 
Problem; the 31*+ 1 Problem for positive numbers is identical to 
the 3N-1 Problem for negative numbers, and vice versa. 

The following function is interesting: Given a negative number , 
which loop does it fall into? This can be coded for an MP1RW by 
translating to the 3N-1 Problem for positive numbers. 

The next few theorems show that many MPIRMs are equivalent to 
MPIRMs that resemble the one above * 
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We give names to a few comnon substructures of MF1RM programs * 

A Subl chain is a (possibly null) seguence of Subl 
instructions, the main branch of each leading to the next. 
An evaluated 5ub1 chain is a Subl chain in which the zero branch 
arrows are evaluated ; i * e * * each zero branch arrow is either 
Jumr* or Add K, Halt* A threshold routine is an evaluated Sub1 
chain followed by Jimp*, 

An KFIRM routine is called linear if it consists of one 
(optional) Mul instruction, followed by an (optional) Add 
instruction* An eventually linear routing is a linear routine 
preceded by an evaluates Subl chain* 

A routine is called modular if it is a Div instruction, every 
branch of which is an evaluated Mul 0; i*e., either Jump* or 
Mul 0, Add K* Halt, An eventually modular routine is a modular 
routine preceded by an evaluated Subl chain* 

Theorem: An MP1RM subroutine with one entry point* containing no 
Div instructions* but possibly including loops* can be converted 
to either an eventually modular* an eventually linear, or a 
threshold routine. 

Proof; The routine must consist of Adds, Subls, Muls, Jumps, and 
Halts* Suppose that all Subl zero branches and Mul 
instructions are evaluated* (To do this, we suppose that the 
subroutine is part of a larger program* ) Delete Mul 1s* 

How consider what possible loops remain i A loop can only exit 
with a Subl* Therefore* at most one loop is possible; there are 
no subloops of loops* 

Suppose that the loop exists? then we want to replace it with 
equivalent loop-free code* 

If the loop does not contain a Mul, it oust consist only of 
Subls, Adds, and Ju»ps*, Either one trip around the loop 
diminishes R* or it does not- If it does* all R will go to zero; 
which Subl zero branch becomes the exit will depend on a 
remainder condition* The loop can be replaced by a modular 
routine* If R Is not diminished in a circuit of the loop, then 
all E that are large enough to make one circuit will loop 
forever* So we can disconnect the last instruction in the loop 
from the entry point* and route it to a Jujzp** 

Ifow suppose that the loop does contain Muls* If R is greater 
than soice threshold T, one circuit of the loop will change it to 
AR+B* where A>1 and B Bay be negative* If fi>max(T,— B) , one 
circuit of the loop will increase R* and hence will loop forever* 
So we replace the loop with a chain of 1+na>:(T,-B) Subls followed 
by a Jump*. 

This eliminates all loops* 

Now we use simplifications from the list on the next page to 
put the resulting loop-free code into the desired form: 



Add 


K, 


Add L 


Add 







Add 


Kt 


Sut.1 


Add 


K, 


Kul I 


Add 


Kt 


Div L 


Add 


K, 


Jump* 
Subl 


Kul 


o, 


:;u; 


K, 


Sut>1 


Mat 


K, 


Div L 


Hul 


K, 


Jump* 
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Add K+L 

delete 

Add K-1 if K>0 

Hul L, Add KL 

Div I>j branch Rem is Add [(X+L-I-Rem)/!], followed 

by old branch -K (mcd L) 

Jump* 

Hul f then Jump to zero branch of the Sub1 

Sub1, Mul K» Add K-1 if K>C 

Div L; branch Rem is Kul K, Add [KRem/L], followed 

by old branch KRem (mod L) 

Jump* 

Assume that we have applied as inany simplifications as 
possible. Then any 3ub*s will precede any Mul, which will 
precede any Add. If the main line of code ends in Jump* t any Add 
or Mul can be simplified away, giving a threshold routine. 

If a Div was introduced to remove a loop, every branch of the 
Div starts with either Jump* or Mul Q* Any Mul or Add preceding 
the Div will he converted to Muls or Adds on the branches of the 
Div* These will be absorbed by the Jujnp* or Hul 0* This gives 
an eventually raodular routine* 

If the main line does not end in Jump* or Div, we have an 
eventually linear routine. This is the only case in which the 
routine will return to the calling program • QED 

Theorem: Any HP1RH can be simulated by an KP1RH of a very 
special type. The special MP1BH has only one divide instruction; 
each branch of the divide is either a threshold routine, or an 
eventually linear routine that either halts or junras back to the 
divide. The path from Start contains a Kul, and then goes to the 
divide- This laakes the HP1RM into a generalized 3N+1 Problem* 



Start— ►Kul D— -*Div ID ■+- 



m\\ 



Each branch is 



Suh1 
Sub1 

Sub1 



;jump* or Add Ki, Halt; 
.Jump* or Add KA% Halt. 
[Jump* or Add Kk, Halt. 



Jump* or 



Hul Y (optional) 
Add Z (optional) 
Halt or Jump 
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Proof: 

We do several modifications to the MP1RK to get our simulator. 

If the first instruction after Start is not a Div, we put in a 
Div 1, 

[fextj we convert every branch out of a Div instruction to 
either a threshold routine, an eventually modular routine, or an 
eventually linear routine* The modular routines will introduce 
new Div instructions into the program? the branches out of these 
divides are either Jump* (a threshold routine), or Mul 0, Add K, 
Halt (a linear routine; * 

Wc make all the divisors of the Div instru.ctir.ins the sane. Let 
L be the least common multiple of all the divisors* Every arrow 
or instruction goin£ into a Div K has a Kul L/K appended? and tho 
Div K is changed to a Div L* Branch Reia from the Div K becomes 
branch (hfK)Rem of the new Div L* If L>K. there will be other 
branches of the Div L which are unassigned; these are 
inaccessible by the program, and may be filled in with Jump*. 

Now that all the divisors are the same, we combine all the 
divide instructions* Assign a state number to each divide, 
giving state to the dummy Div 1 at Start* Let D be the total 
number of Div instructions* Every arrow or instruction going 
into the divide with state number S has a Hul D, Add S appended* 
and is routed to the superdivide, a Div LD. Remainders from the 
superdivide will range from to LD-1. Express each remainder as 
BX+S, with CX=X<L and 0<=S<D. To branch Dx-J-S* we attach branch X 
frora divide number S* 

The various Muls and Adds we have introduced are then 
simplified as in the preceding theorem, bringing the MF1RM to the 
correct form. QED 

Addendum to theorem: The divisor of the single divide 
instruction may be chosen to be a number without square factors* 

Proof: An MFIRH divide instruction with a composite divisor may 
be replaced by a tree of divide instructions with prime divisors. 
It we *alce thxs modification to an MP1RM* and then apply the 
preceding theorem* then the least common multiple of the 
divisors* L, will be a number without square factors* We nsay 
choose D to be any large prime greater than the number of Div 
instruct ions f so LD will be square-free. QED 

Theorem: Suppose that the function computed by an MF1RK 
approaches infinity, and is undefined for only a finite number of 
arguments* Suppose that the definition of the Add instruction is 
extended to allow a negative addend. (It is an error if an Add 
instruction produces a negative number*) Then the Subls may be 
eliminated from the divide branches, and replaced with an 
evaluated Subl chain immediately after Start, followed by an Add. 



& 



Start- 



Sub1 — ► f Jump* or Acid F 
Sub! — ►fJur.p* cr Add P 
Sub1 — *(Jiunp* or Add F(2), Halt 




Haiti 
, Halt] 



Add T+1 
Kul D 
Div U> *- 



Each branch is 



//n\ 



Jump* or 



Mul Y ( optional) 
Add Z (optional) 
Halt or Jump 



preceding 



Proof j Construct the single divide MFlKti of the 
theorem* Let S be the set of values at the end of Ku&'i zero 
branches* Let T be the largest H such that J?(llJ is undefined or 
F(li) is in S* Put a length T+1 Subl chain after Start in the 
1JP1KM, followed by an Add T+1* The Sub1 chain will evaluate tf(II) 
correctly for H<=T* If H>T, the extra instructions will so 
unnoticed* In this new machine* once execution has gotten past 
the initial Subl chain, the computation will never take a Subl 
zero branch* We may combine all of the Subls in a length C chain 
into an Add -C* A divide branch will be either 

Add -C or Add -C 
Jump* Mul J 

Add K 

Halt or Jump to the divide 

Since no Subl zero branches are used by the computation* the 
Add -C will not produce negative numbers* The first type of 
branch above may be changed to Jump*. The second type may le 
changed to Kul J, Add K-JC, and then Halt or Jump* The quantity 
K-JC will be of indeterminant sign* QED 

In the cases I have examined, it is always possible to avoid 
ne^ntive addends in the final KF1RK- Can this always "be done? 

Theorem* Suppose that some HP1RM solves the Output Problem* 
Then we may convert that MP1RI-J into the form below, where the 
addend cf an Add instruction may be negative* The new MP1RH may 
be inequivalent to the starting MP1RM, but will still solve the 
Output Problem* We specify that if an Add produces a negative 
number, the function is undefined. 



Start 



Mul 
Div 



2TD 

LD ■*- 



Each branch is 



Jump* 



//u\ 



or Mul J (optional) 

Add 7. (optional) 
Halt or JuiCT" ■ 
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Proof t Assume that we have an MP1RM that solves the Output 
Problem. We apply the transformations given in the ^receding two 
theorems, while saying that we don't care what happens to any 
input that is not a power of two. The number T in the preceding 
theorem is two to the largest number at the end of a Sut1 zero 
branch. We put a Mul 2T after Start and an Add -10£r2 21 before 
nil Halt in.?tv\ir',icr.s. Powers Of two larger thm T wil] K>ir 
over the initial Sub1 chain, so we may delete „i and combine the 
Kul 2T and the Jlul B. The Adds introduced tefore Halt 
instructions are- combined with any preceding Add instructions, 
QED 

We have assumed that cur CMs always be£in with most of their 
registers 2ero- The possibility regains that we could compute 

N 
2 if perhaps the 2CM were started with IJ in one counter, and 

suitable "help* in the other counter perhaps another copy of 

U* or sorcesuch. The following discussion should eliminate that 
poELubil it.; ; . 

Suppose we have an H CM with sji I instruction program. The 
numters in the counters of the CM can be considered to be the 
coordinates of a point in N-space. One CM instruction has the 
effect of novinc 1 step in IJ-space, We can think of the CK as a 
finite state bu£ that crawls around in the region of fl-space with 
positive coordinates, and has the capability of detecting when it 
is on a wall* (This corresponds to some counter being 0.) The 
point of the Replacement Lemma is that when a CM is far fro© a 
wall, it is in a loop which repeatedly ©eves it a constant 
vector. 

If V is a vector in N-space, the nora of V, denoted by |V|, is 
the sum of the absolute values of the coordinates of V. 

For reasons explained below, the set of points whose 
coordinates are all >=I is called the inaccessible region * It is 
not true that a CM is excluded from the inaccessible region. 

A CM is a constant adder if, whenever it is started in the 
inaccessible region, it moves a constant vector V, and halts, 
(The Ci: may compute an interesting function when started outside 
the inaccessible region,) In a constant addine CM, |V|<=I. 

If, for some input, a CM halts in the inaccessible region- then 
the CK is a constant adder. 

If a CM is not a constant adder* then there is a vector V, with 
0<|Vl<=sI, such that any two points in the inaccessible region 
which differ by V are equivalent; Either the CH does not halt 
with either input, or it halts with both, at the same point in 
li-spacc. 



We 



note briefly the confuting power of a 1 Ctv ; 



Theorem: A 1CM that is not a constant adder has a threshold T 
and a period P such that IJ>T implies F(K)=FQ;+P). A 1GM is 
either a constant adder or is eventually modular. 
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If N>2 T an N CM can compute any computable function of Jf-1 
variables. The CM starts with the arguments in W-1 counters, and 
the remainin/j counter zero. The trick is for the CK to code two 
of the variables into one number; this provides the necessary two 
free counters to carry out a Turing machine simulation. The 
details of the coding are given in the first part of the solution 
to the multiplication problem, at the end of the memo. A similar 
trick permits an N CM to compute up to JJ-1 outputs j only Gne 
counter need be <I when the CM halts. 



The definitions below refer to a set S of positive integers. 

fiho(S.N) = (number of elements of 5<=H)/N 

nho(S.N) is called the density of S at N. 

Rho(S) = lim Rho(S,lf) 
N+* 

Rho(S) is the density of S. The limit may not exist* 

LRho(S) = lim inf Rho(S.J) 
H+* J>« 

URho(S) = lim sup Rho(S*J) 

LRho(S) is the lower density of 3* URho{5) is the upper density 
of S* The lower and upper densities always exict; they are eouol 
if and only if the density exists. 

Theorem: If the range of a 2CM computable function is infinite, 
both the domain and range have positive lower densities* 

It is not true that a union of arithmetic series rcust have a 
density* 

Conjecture: If the ran$e of a 2CH computable function is 
infinite, both the domain and the range have densities. 

If the ran^e is finite, the domain need not have a density. 
For example, 

F(N) =0 if [lo£2 N] is odd; 
undefined otherwise. 

In this example, LEho=1/3 and UEho=2/3- Several similar examples 
prompt the following conjecture: 

Conjecture: If the ran£e of a 2CH conputable function is finite, 
and the domain does not have a density* then liiho and UEho are 
rational. 
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We will discuss briefly finite-range functions computed by 2CKs. 
We call these functions partitions . A partition P(lfj divides the 
nonnegative integers into a finite number of classes; two 
integers A and B'are in the same class if P(A)=P(B), or if "both 
P(A)^Gjid P(E) are undefined. A total partition is defined on all 
normesativo integers* The values talcen by a partition are 
usually unimportant. A predicate is a partition that takes only 
the values and 1 • 

Some predicates that a 2CM can decide are: 
Is li a power of 2? 

Is N either a power of two or a power of three? 
Is I. the sum of three distinct powers of 2? 
Does the decimal represent ion or N contain a 3 and a 7? 
Is [log2 N] even or odd? 

Are there an odd number of 1s in the binary expansion of II? 
(This is the parity function*) 

In general, any Finite State Machine function of the digits of li 
is 2CM computable* K 

t> 2 

Is I. a Mersenne (2 -1 ) or a Pennat (2 +1 ) prime? 

A B 
Is Ij a priioe of the form 2 3+1? Since there are probably 
infinitely many primes of this form, it seems likely that a 2CK 
can recognise some infinite class of prices- 
Does counter 1 countain a larger number than counter 2? 

Some questions? 

Can a 2CM decide if its argument is a prime number? 

Can a 2CH decide if its argument is a square? 

Can a 2CM calculate the Nth digit of pi? 

My conjecture is that all three questions £pt Ho answers* 

Can a 2CH do the Or or And of two predicates? 

Vrtiat about the amalgamation or corefinement of two partitions? 

Ky n-ies^; here is cilrfO i'."c T fiince many predicates seem to require 

the destruction of the input data* 

Presumably 2CMs cannot compute all possible partitions, so it 
is natural to look for theorems that distinguish 2CK computable 
partitions* 

A natural conjecture is: One of the classes of the partition 
must contain an infinite arithmetic series. This is false: 

f(k) = if N=0 or if [log2 N] is even; 
1 if [log2 If] is odd* 

lieither class of this partition contains an infinite arithmetic 
series* Neither class has a density; the density of each 
oscillates between LRho=1/3 and UHho=2/3 
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Definition; Suppose that A+B>=C t B>=sO, C>1, D>0, D|A+B, and 

D I A+BC* Then {(A+BC )/D I K>=0} is called an offset geometric 
progression (OGP). All elements of an OOP are integers! DIA+B 

K K 

and A+BC, so DfB(C-l); hence D|B(C -1 ) ; and D I A+BC . 

Theorem: An OCP contains an infinity of composite numbers. 

K 
Proof j Suppose that p|(A+BC )/D for some K. Suppose that 

K+h(p-1) 
(p,C)=(p,D)=1. Then pKA+BC )/D for any h>=0. By 
Fenrat's Theorem, (see Hardy and Wright, Introduction to number 

p-1 K+hCp-1) K 

Theory, Theorem 71), C =1 <*od p), so C =C (mod p). 
QED 

It would be nice if each infinite class of a partition had to 
contain an offset geometric progression: This would prove that a 
2CH could not decide if its argument is prime. We note that each 
of classes of the 3IJ-1 problem contains an OOP, Unfortunately, 
this conjecture is false: 

Theorem: The predicate Q defined below is 2CM computable, 

K 
2 

Q(N) = 1 if H s 2 ; 
otherwise* 

Proof: First the 2CM verifies that 3+N, Then it loops, doing 

2J J J 

the transformation 2 V (with V odd) to 3 V to 2 V, until J is 
odd. How, QCN)=1 only if J=V=1 . QED 

A real number X is e ff ec t i vely computable if there is an 
algorithm A, which, for any positive Integer U, calculates an 
integer A(KJ such that <= HX - A(N) <= 2. 

Theorem: Suppose that X is effectively computable and 0<=X<=1 . 
Then there is a recursive function E, defined on the Integers 
greater than 1 „ and taking only the values O, 1 , and 2, such that 

Co 

-^ -If 

x = £* 2 b(w) 

11=2 
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Proof: Let A be an algoritm for X* Suppose that we have 
determined E(N) for «<J* 

K 
XT* -U 

Let X(K) = £+ 2 E(M), and X(1)=0. 
H=2 

K "' 
Let E(K) = A{2 ) - 2 X(K-1). F(K) can be calculated without 

knowing B(K). 

Let B(J) = if E(J)<=0; 

1 if EljVl; 

2 if E{J)>=2. 

Ue must show that limX(K)=X. We prove by induction that 

1-J 

2 >= X - X(J) >= 0. 

For J=1, we have 1 >= X - X(1) >= 0. 

2-J 
Suppose 2 >= X - X(J-1) >= 0; we want to derive 

1-J 
2 >= X - X(J) >= 0. 

J 
We abbreviate B(J) to B, £{J) to £, and A(2 ) to A. 
We know that 

2-J 
X(J-1) +2 >= X >= X(J-1) 

J 
A + 2>=2X>=A 

-J 
X(J) - X(J-1) + 2 B 

J 
A = E + 2 X(J-1) 

First we show that X>=X(J), If E<=0, B=C t and X(J)=0C(J-1)<=X. 
If E>=1, then E>=£\ 

J J J J 

2 X >= A b 2 X(J-1) + E >= 2 X(J-1) + B = 2 X(J). 

1-J 
llext we show that X(J) + 2 >= X* If E<2, then £<=B, 

J J J J 

2 X <= A + 2 = 2 X(J-1) + E + 2 <= 2 X(J-1) + B + 2 = 2 X(J) + 2. 
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If E>=2, then B=2, 

W -J l-j 2-J 

X(J) +2 = X(J-1) + 2 B + 2 = X(J-1] +2 >=. X. 

Theorems Suppose that X is effectively computable and CK=X<=1, 
Then there is a 2CH corcpu table total partition with a class of 
density X, p* 



x =s: 



Proof : Put X = ^ 2 B(j). 

J=2 

Define C(J) = 1 if B(J)=1 or 2; 

otherwise, 

and 'D(J) = 1 if B(J)^£; 

otherwise. 

Then B(J} = C(J) + D(J). 
Now define the partition 

J 
P(N) = C(J+2) if N = 2 <4K+1); 

J 
E(J+2) if II = 2 (4K+3); 
if 11=0. 

The partition is 2CH computable: The CM first removes any 
factors of 5, 13 or 17 from II, This provides the room to 
sir.i.ilat.e a 4 CM usinc powers of 2, 5, 1^, ar.d 17. The 4Ci-J starts 
with J in its first counter and calculates B(J+2), Then it zeros 
all four of its counters, and takes one cf three exits, depending 
on the value of B, If B=0 t P=0. If B=2, P=1. If B=1, we 
examine whether the nucber remaining in the 2CM after the 
simulation is congruent to 1 or 3 (mod 4); P=1 or 0, 
respectively. 

How we show that the set S = |H | P(n)=l} has density X, The 
number of numbers <=II and =1 (mod 4) is [(N+3)/4J; and the number 
=3 (mod 4) is [(U+1)/4]- We can write 

II Rho(S,N) = [N+3] C(2) + [H+1] D(2) + [H+3] C(3) + [N+1] D(3) + , 

If ve remove the brackets and fractions, we introduce an error of 
at nost 2 per tern. The number of terms is about 21og2 II, so the 
error is less than about 41og2 II. 

II Rho(S,fl) = II C(2) + II D(2) + N C(3) + H B(3) + ... + error 
7 7 B B 

= M { B(2) + B(3) + B(4l + — } + error 



Rho(S T I3) = X + error/N 
Since error /II approaches as H approaches infinity, Rho(S)=X. QED 
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Some thoughts on the output problem: 

Let Zp be the set of numbers with no prime factor greater 

ABC 
than p; for example, Z5 = (2 3 5 }* 

Lemma: Suppose p is fixed* There is a 2CM which j&aps 2 into Q 
for all Q in 2p* 

Proof; SupiTOse t> is 7* There is a 6CM with counters U, V t W t Y. f 

A B C D 
¥, and Z, which starts with Q = 2 3 5 7 in counter U t and halts 
with A in U, B in V, C in W, D in X* and Y=Z=0, If this 6CK is 

Q 
simulated by a 2CK, the 2CM will map 2 into Q- QED 

Theorem: Suppose p is fixed* Any partial recursive function 
frcn Zp into zp is 2CM computable* 

Proof* Along the lines used above. 

Theorem; Suppose that for some Zp* there is a 2CM computable 
function F which maps Zp onto the nonnegative integers* Then the 
Output Problem can te solved* 

Proof: We can construct a Turing machine which takes an input N 
and searches for an element Q of Zp for which F(Q)=N. We can 
simulate the Turing machine with a 2CM which takes as input 

II Q Q 

2 and has output 2 . From 2 we can get to Q f and thence to H* 
QED 

Unfortunately, the reasonable candidates for such a function do 
not seem to work* Consider the function G: 

G(K) = K/7 x if 7lK; 

C([K/7]) otherwise. 

C is clearly 2CK computable* A number is G— re pre sen table if it 
is in G(Z5). There is a probability argument which indicates 
that G(Z5j should have density zero- 

I did a small numerical experiment. I examined numbers up to 
1CX) to see which were G-representable. The search was terminated 

if no representation < 10 was found * The following numbers 
appear to be unrepresentable: 36* 45* 4S* 56, 60, 70, 72, 75 * So, 
84, 90, 96, 98, and 100* 
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Below are the solutions to the multiply and square problems 
given as exercises on psage 2* 

My solution to the multiply problem is ugly; I would be happy 
to hear of any improvements* 

Suppose X is in A, and Y is in B» C is used as a temrorary for 

x y 

the multiplications and divisions* First- we calculate 2 3* 
Set B to 21+1 m Double B» X tines, meanwhile counting A down to 

A 

zero. Now B contains 2 (2Y+1). Set A to 1. Loop, Halving B t 
and doubling A each time around. Exit when B gives remainder 1. 

A 

Ifow A contains 2 and B contains Y* Triple A, Y tides, counting 

A J[ 

down B to zero* flow A contains 2 3 * B and C are zero* How the 
following program will create XY in B. 




Is there some way that takes less time? 
The solution to the squaring problem is rauch easier: 

-Halt 




The program uses the fact that H - (2IJ-1) + (2B-5) + ... + 3 + t. 

An introduction to Counter Machines is given in Chapters 11 and 
14 of Hinsky's Computation - Finite and Infinite Machines, 
Prentice-Hall, 1967, H 

My proof of the non-computability of 2 was discovered in 
September 1970* Prances lao independently proved the 
non-coraputability using a similar method in April 1271* 



